Abstract. We calculate the L 2 -Alexander torsion for Seifert fiber spaces and graph manifolds in terms of the Thurston norm.
Introduction and main result
We say two functions f, g : R >0 → R ≥0 are equivalent and write f . = g, if there exists an r ∈ R such that f (t) = t r g(t) for all t ∈ R >0 . In [DFL14a] Dubois, Friedl and Lück associated to an admissible triple (M, φ, γ) a equivalence class of a function τ (2) (M, φ, γ) : R >0 → R ≥0 called L 2 -Alexander torsion. The triple consists of a manifold M, a cohomology class φ ∈ H 1 (M; R) and a group homomorphism γ : π 1 (M) → G such that φ factors through γ.
The L 2 -Alexander torsion is a generalization of the L 2 -Alexander polynomial introduced by Li-Zhang [LZ06a] , [LZ06b] , [LZ08] and has been studied recently by many authors Dubois-Wegner [DW10] , [DW13] , Ben Aribi [BA13] , [BA16] Dubois-FriedlLück [DFL14a] , [DFL14b] , [DFL15] , Friedl-Lück [FL15] and Liu [Li15] .
Given a 2-dimensional manifold S with connected components S 1 ∪ . . . ∪ S k we define its complexity to be χ − (S) := k i=1 max {−χ(S i ), 0}. Let M be 3-manifold (throughout this paper every 3-manifold is understood to be orientable, compact and have empty or toroidal boundary). Thurston has shown in [Th86] that the function
is Poincaré dual to φ and properly embedded .
extends to a semi-norm on H 1 (M; R). In this paper we will show, that for a Seifert fiber space M the function τ (2) (M, φ, γ) is completely determined by x M (φ). To be more precise: 
Theorem 1.1 was already used in [DFL14a] to show the following two corollaries. 
The proof of the main theorem is obtained from two lemmas. The first lemma characterizes the Thurston norm of a Seifert fiber space M by the combinatorial invariant χ
be a Seifert fibered space with infinite fundamental group. Then for any φ ∈ H 1 (M; R), we have
and F is a regular fiber.
The second lemma calculates the function τ (2) (X, φ, γ) for spaces with a certain S 1 -action.
Lemma B. Let X be a connected S 1 -CW-complex of finite type and φ ∈ H 1 (X; R). Suppose that for one and hence all x ∈ X the map ev x :
is given by multiplication with a real number. Let k φ denote this number. Define the
where J n denotes the set of open n-cells and for i ∈ J n the set H i is the isotropy group of the corresponding cell. Then
The paper is organized as follows. In Section 2 we recall the definition of Seifert fiber spaces and prove Lemma A. Afterwards we give in Section 3 the definition of the L 2 -Alexander torsion and some basic properties. In the last part of the paper we prove Lemma B. Note that not all Seifert fiber spaces admit an S 1 -action and so we will prove the main result for the remaining cases in the remainder of this paper. Definition. A Seifert fibered space is a 3-manifold M together with a decomposition of M into disjoint simple closed curves (called Seifert fibers) such that each Seifert fiber has a tubular neighborhood that forms a standard fibered torus. The standard fibered torus corresponding to a pair of coprime integers (a; b) with a > 0 is the surface bundle of the automorphism of a disk given by rotation by an angle of 2πb/a, equipped with the natural fibering by circles.
We call a the index of a Seifert fiber. A fiber is regular if the index is one and exceptional otherwise.
Remark. The number of exceptional fibers of a Seifert fiber space M is finite.
Definition. Let M be a Seifert fibered space and F 1 , . . . , F n the exceptional fibers with corresponding indices a 1 , . . . , a n . We define
where M/S 1 is obtained from M by identifying all points in the same Seifert fiber.
Remark. In Scott's survey article this is the Euler number of the base orbifold M/S 1 .
Let p : M → M be a finite cover. If M is Seifert fibered then p induces a Seifert fiber structure on M such that p is a fiber preserving map. Therefore we get a induced branched cover p : M /S 1 → M/S 1 . Denote by l the degree of the branched cover. Then standard arguments show
For more detail we refer to [Sc83, Section 2 and 3].
Proof of Lemma A.
Having all the notions to our hand we can prove:
The proof will consist of the following steps. First we reduce the problem from Seifert fiber spaces to principal S 1 -bundles. Then we look at the two cases of a trivial and non trivial principal S 1 -bundle separately.
Claim. It is sufficient to prove Lemma A only for principal S 1 -bundles.
Proof. As shown in [AFW15, Section 3.2(C.10)] a Seifert fiber space is finitely covered by a principal S 1 -bundle. Let p : M → M be such a finite cover. We can pullback the Seifert fiber structure from M to M . This structure and the structure of the S 1 -bundle on M coincide, because the Seifert fiber structure of an aspherical S 1 -bundle is unique by the argument of [Sc83, Theorem 3.8]. Let m denote the degree with which regular fibers of M cover regular fibers of M. Then we have m · k φ = k p * φ . Denote by l the degree of the induced branched cover p : M /S 1 → M/S 1 . Then l · m is the degree of the cover p : M → M. From the discussion above we deduce
Furthermore Gabai showed in [Ga83, Corollary 6.13] for a finite cover of 3-manifold p : M → M:
Putting together both equations, we see that it is enough to prove Lemma A for S 1 -bundles.
For the next proof we need the following well known fact about fiber bundles and the Thurston norm.
1 is a fiber bundle and φ is given by
Lemma 2.1. Let Σ g be a surface with χ(Σ g ) < 0. Consider M = S 1 × Σ g and φ ∈ H 1 (M; R). Then we have:
where
and F is regular fiber.
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Proof. In the following homology and cohomology is understood with real coefficients. By the Künneth theorem H 1 (M) ∼ = H 2 (M, ∂M) decomposes into:
Every generator of H 1 (Σ g , ∂Σ g ) ⊗ H 1 (S 1 ) can be represented by a torus and therefore
Since
. This is equivalent with φ being the fiber class of the fibration Σ g → S 1 × Σ g → S 1 and there the formula holds by Equation (1) and the fact, that in this case k φ = 1.
Lemma 2.2. Let M be a non trivial S
1 -bundle over a surface Σ g . Then the following equation
Proof. As in the proof of Lemma 2.1 homology and cohomology is understood with real coefficients. We will in fact proof that both sides are equal to zero. To calculate H 1 (M) we look at a part of the Gysin short exact sequence [Br93, Theorem 13.2]:
Here ∪ e means the cup product with the Euler class e associated to the S 1 -bundle M. This is an isomorphism because the bundle is not trivial. Therefore p * is an isomorphism too. We apply Poincaré duality and get an isomorphism p ! : H 1 (Σ g ) → H 2 (M). By the argument of [GH14, Section 4] an element c ∈ H 1 (Σ g ; Z) will be sent by p ! to a class in H 2 (M) representable by the product of a regular fiber with curves in Σ g representing c. This is a collection of tori and annuli. We conclude that all elements in H 2 (M) have trivial Thurston norm. We have a second look at the Gysin sequence to show that 0 = [F ] ∈ H 1 (M) for a regular fiber F .
We change again via Poincaré duality to homology and obtain the map p ! :
which sends a point to a regular fiber F . This map is trivial, because ∪ e is surjective. Hence [F ] = 0 and we conclude k φ = φ([F ]) = 0.
Definition and basic properties of the L 2 -Alexander torsion
In the monograph [Lü02] Lück defines the L 2 -torsion ρ (2) (C * ) ∈ R of a finite Hilbert-N (G) chain complex of determinant class C * . We refer to [Lü02, Chapter 3 ] for the precise definition and basic properties.
Definition. Let X be a connected finite CW-complex, φ ∈ H 1 (X, R) = Hom(π 1 (X), R), and γ : π 1 (X) → G a group homomorphism. We call (X, φ, γ) an admissible triple if φ : π 1 (X) → R factors through γ i.e. there exists
An admissible triple (X, φ, γ) and positive number t ∈ R >0 give rise to a ring homomorphism:
Definition (L 2 -Alexander torsion). Let (X, φ, γ) be an admissible triple. We write C φ,γ,t * := l 2 (G)⊗ κ(φ,γ,t) C * ( X), where X is the universal cover and consider the function
is of determinant class and weakly acyclic, 0 else.
This function may not be continuous in general, but Liu showed that in the case of a 3-manifold and γ = id this function is always greater than zero and continuous [Li15,
We can define the L 2 -Alexander torsion for a pair of spaces (X, Y ) in the following way. Let (X, φ, γ) be an admissible triple and Y ⊂ X a subcomplex. We denote by p : X → X the universal cover of X. We write
and define the L 2 -Alexander torsion τ (2) (X, Y, φ, γ)(t) as before. We will make use of the following two proposition. The proofs are straight forward. One applies [Lü02, Theorem 3.35(1)] to the short exact sequences of the chain complexes in question.
Proposition 3.1 (Product formula). Let (X, φ, γ) be an admissible triple and i : Y ֒→ X a subcomplex. If two out of three of τ (2) (X, φ, γ), τ (2) (X, φi * , γi * ) and τ (2) (X, Y, φ, γ) are nonzero, then we have the identity:
Proposition 3.2 (Gluing formula). Consider a pushout diagram of finite CW-complexes
such that every map is cellular and i 1 is injective. Let (X 3 , φ, γ) be an admissible triple. If three out of four of
(2) (X 3 , φ, γ) are nonzero, then we have: 
where g is a generator of π 1 (S 1 ).
→ R is given by multiplication with a real number which we denote by k φ . We obtain:
This proof is a variation of the proof [Lü02, Theorem 3.105]:
Proof. We use induction over the dimension of cells. In dimension zero X is a circle. There the statement holds by Lemma 3.3. Now the induction step from n − 1 to n is done as follows. Per definition of an S 1 -CW-complex we can choose an equivariant
We obtain from the gluing formula 3.2:
The left hand side can be computed by the suspension isomorphism.
Here we used the assumption that γ • ev x is injective. The torsion for X n−1 is defined by induction hypothesis. We can apply the product formula 3.1 and conclude: Proof. Note that the standard fiber torus (a; b) admits an effective S 1 -action such that the fibers and the orbits of the action coincide. To choose such an action for a neighborhood of a Seifert fiber is the same as giving the corresponding point in the base space a local orientation. Hence this action extends to M because M/S 1 is orientable. Therefore Lemma B implies
The last equality holds because M is aspherical and hence −χ 
3.2. The L 2 -Alexander torsion for Seifert fiber spaces without an effective S 1 -action. Let M be a Seifert fiber space. An embedded torus in M is called vertical, if it is a union of regular fibers. One should observe that cutting M along a vertical torus T is exactly the same as cutting the base space of M along an embedded curve which does not intersect a cone point. This will be the key observation in the next proofs.
As indicated in the following proofs we will cut M into pieces, where we can calculate the L 2 -Alexander function. Therefore we need a gluing formula for the Thurston norm which is due to Eisenbud and Neumann [EN85, Proposition 3.5]. 
Proof. We can cut M along two vertical tori, such that we obtain two pieces M 1 , M 2 both with orientable base space (see Figure 1) . Then the restriction of γ to the tori has infinite image by hypothesis. We obtain from Proposition 3.2, Corollary 3.4, and Theorem 3.5: = max 1, t x M (φ) .
Here we used that Lemma B yields τ (2) (T, φ, γ) . = 1 for a torus T and γ having infinite image. Proof. By the classification of non-orientable surfaces, we can cut the base space along embedded curves, such that every piece is a Klein bottle with boundary or a Möbius strip. This corresponds to cutting M along vertical tori, such that every connected component has a Möbius strip or Klein bottle as base space. As in the proof above we can use the additivity of the Thurston norm and the gluing formula along tori to prove the statement for every piece. Figure 1 . A Klein bottle with two boundary components is cut along two circles to obtain two orientable pieces. The points indicate exceptional fibers. So we do not cut through them.
